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Abstract : Using elementary methods , we obtain simple explicit 
expressions , bounds and the interrelations of Laurent coefficients of 
Hurwitz Zeta function , Taylor coefficients of Dirichlet L-series and the 
Taylor coefficients of Lerch’s Zeta function at 1=s  (and also at 0=s ) . In 
particular , we obtain simple , explicit expression and very good upper 
bound for ),1()( χrL  as a function of both q  and r  , where ),( χsL
 is  a  Dirichlet L-function corresponding to  a   Dirichlet character χ  
modulo q  and the superscript )(r  denotes thr −  order derivative with respect 
to  s  . We also give  elementary complete forms  of approximate functional 
equations of ),( αζ s and ),( χsL   and their derivatives ,in the critical strip .
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Introduction :  Let += σs it be a complex variable , where σ  and t  are real . 
For α  with 10 ≤< α  , let ),( αζ s  be Hurwitz zeta function defined by 
∑
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)(),(
n
sns ααζ  for 1>σ  ; and its analytic continuation . For any integer 
1≥q  ,  let )(modqχ  be a Dirichlet character and let ),( χsL  be the 
corresponding Dirichlet L-series . Thus ∑
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),(),,( qa
s sqqasZ ζ⋅= −  . In what follows , we shall be  considering ),( χsL  for  a
 non-principal Dirichlet character only . For 10 ≤≤ λ  and for 10 ≤< α  , let 
),,( sαλφ  be Lerch’s zeta function defined by  s
n
ni nes −
≥
+= ∑ )(),,(
0
2 ααλφ λpi  for 
1>σ  ; and its analytic continuation . Note that if  λ  is an integer ,  
),(),,( αζαλφ ss =  , the Hurwitz’s zeta function . Also , if  λ  is not an integer , 
then ),,( sαλφ  is an entire function of  s  . For any integer 0≥r  , let the 
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superscript )(r  denote differentiation with respect to s  so that 
),,(),,,(),,( )()()( sqasZs rrr αλφαζ  and ),()( χsL r  stand for thr −  order derivatives 
with respect to  s  of the respective functions . We shall write ][u  for the  
integral part of a real variable u . We write  21][)( −−= uuuψ  . Note that 
∑
≥
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1
2
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)()(2 uudud ψψ =  . Incidentally note that ),,()1( )( srr αλφ−
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− ++=
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2 )(log)(
n
rsni nne ααλpi  for 1>σ  ;  and its analytic continuation . In what 
follows , we shall use the fact that ∑
≤
<<
xa
qqa log)( 2/1χ  for any non-principal 
Dirichlet character )(modqχ  and  for any positive   x . In what follows , )(sΓ  
stands for gamma function and the logarithm stands for the  principal value 
of logarithm . Also , O- and << - constants will be  absolute , unless stated 
otherwise . 
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This means , if )(modqχ is a non-principal Dirichlet character ,  then 
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In fact , it can be seen that ( ){ } )(111 ),(lim),()1( rsqassrr sqqa −−→ −=− ζγ
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The exact connection between ),( qarγ  and )( qarγ  can be seen from the following 
Proposition , which will be proved by two methods . 
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              Thus the problem boils down to finding simple explicit expressions 
for the coefficients of Laurent series of ),( αζ s  at 1=s ; and the coefficients 
of Taylor expansion of  ),( χsL  at 1=s  or equivalently finding simple , 
explicit expressions for ),1()( χrL  for 0≥r ; and estimating them . There is 
nothing sacrosanct of Taylor/Laurent coefficients at 1=s  . We may , as well 
consider the Taylor coefficients of  ),( αζ s  in the form r
r
r ss )(),(
0
αβαζ ∑
≥
=  or 
r
r
r ssL )(),(
0
χβχ ∑
≥
= . More generally for 10 << λ  and for 10 ≤< α  , we may 
consider Taylor series expressions for ),,( sαλφ  in the form 
r
r
r ss )1)(,(),,(
0
−= ∑
≥
αλγαλφ  or  r
r
r ss ),(),,(
0
αλβαλφ ∑
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= . This  amounts  to 
dealing with ),,()( sr αλφ  for 0=s  or 1 . Our Theorem 1 below shows that in 
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the critical strip 10 ≤< σ , expressions for ),()( αζ sr , )()),(( rs sq αζ−  , ),()( χsL r  or 
),,()( sr αλφ  can be obtained from the expressions of  ),( αζ s  , ),( qas sq ζ−  , 
),( χsL  and ),,( sαλφ  respectively , by differentiating r  times with respect to 
s , term-by-term and by differentiating under integral sign , if need arises . 
There are some results giving upper bounds for ),1()( χrL  ( with non-principal 
Dirichlet character )(modqχ ) , when q and  )(modqχ  are of certain types 
only . There are no upper bounds for ),1()( χrL  uniformly for 0≥r  and for all 
non-principal characters )(modqχ  with 1≥q  . Recently , Ishikawa [2] has 
proved that for sufficiently large r , 2
1
log),1()( −≤ r
r
qL r χ exp r( log  log )log
loglog
r
rrr −  
for a fixed 1≥q  and for a fixed primitive character )(modqχ  . For ),1()( χrL  as 
a function of r  , this is the best result known to date . However , for ),1()( χrL  
as a function of q  , this is a very bad result . In the light of this , our 
Theorem 3 below shall give a very good upper bound for ),1()( χrL  as a 
function of both q  and r  simultaneously , though our result is somewhat
weaker as a function of r  alone . Our Theorem 2 gives simple explicit 
expressions and upper bounds for Taylor/Laurent coefficients of ),( αζ s  , 
),( χsL  and ),,( sαλφ  at 1=s  and 0 . It must be mentioned here that Berndt[1] 
has , in the case of  ),( αζ s  at 1=s  , given the following upper bound , 
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                                        rrpi
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              Next we state our Theorems . 
Theorem 1 : Let += σs it with 10 ≤< σ  and 0≥t  and  let 21][)( −−= uuuψ  . 
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II)  Let ,a 1≥q  be integers with qa ≤≤1  and let ),(),,( qas sqqasZ ζ⋅= −  .
 Let 0>X  arbitrary . Then we have 
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b) For any integer 0≥r  , we have 
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Corollary : 1) We have for arbitrary 0>x  , 
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2) For a non-principal character )(modqχ  and for 0>X  arbitrary , 
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Theorem 2 : For any integer ,1≥r
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Theorem 3 : If )(modqχ  is a primitive character modulo 3≥q , then for any 
integer 1≥r  and for arbitrary 0>X  , we have 
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              Next we state our Theorem 4 without proof . This Theorem will 
give complete forms of approximate functional equations of ),( αζ s  and 
),( χsL  and consequently those of ),()( αζ sr  and ),()( χsL r  , in the light of our 
observation below that the expression for ),()( αζ sr  or ),()( χsL r  can be 
obtained from that of ),( αζ s or ),( χsL  respectively , by differentiating
 term-by-term with respect to  s ,  r  times  or by differentiating under 
integral sign , if need arises . Note that the complete forms of approximate 
functional equations  for ),( αζ s  and ),( χsL  have been stated indirectly in 
author [4] and author [5] . Our Theorem 4 is useful in the study of 
 ),()( αζ sr  as a function of α  only , where  10 ≤< α  ( and consequently , as a 
function of  q  in the study of ),()( χsL r ), though not as  a function of  t  unlike 
the Riemann-Siegel type formula for ),( αζ s  of author [3] .  Before stating 
our Theorem 4 ,  it may be noted that the functional equation for ),( αζ s  can 
also be written as 
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Theorem 4 : Let its += σ  with 10 ≤≤ σ  and 0≥t  .
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              Next , we give the proofs of our Proposition and our Theorems . 
Proof of Proposition : 
Method 1 : Using Leibnitz’s theorem for differentiation ,
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Proof of Theorem 1 : We have for 1>σ , integral 0≥r  and for 10 ≤< α  , 
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Here empty sum has been treated as zero . Also note that 1−>−αx  .
We apply Euler summation formula to ∑
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α
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rs nn )(log)(  for 1>σ  . 
We have for 1>σ  , ∑ ∫
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∞
−
− ++=++
α α
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Thus for 1>σ , we have 
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−
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α α
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α
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However , this is valid for 0>σ  .
Thus we have for 0>σ  , 
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That is, for 0>σ  we have 
( ) s
ds
d
x
s
ds
d
xn
s
ds
d
s
x
ds
dr xxdusuuns r
r
r
r
r
rs
r
r
−
∞
−−
−≤≤
−
−
−+−−+=− ∫∑− )()()()(),( 1
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This proves a) and b) of I) . 
II) For given integers a,q with qa ≤≤1  and for arbitrary  0>X  , this follows from I) on 
putting qXx =  and qa=α  and by multiplying the expression for ),( qasζ  by sq−  
throughout . 
III) This follows from II) on noting ∑
=
⋅=
q
a
rr qasZasL
1
)()( ),,()(),( χχ  and on noting 
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1
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−
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q
a
s
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d
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r
raχ  , for any non-principal character )(modqχ  . 
IV) Exactly on the same lines as in the case of ),()( αζ sr  , we proceed . 
For 1>σ , we have )(log)(),,()1(
0
2)( αααλφ λpi ++⋅=− −
≥
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 , where 0>x  is arbitrary . 
We apply Euler’s summation formula to ∑
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α
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then proceed . 
Proof of Theorem 2 :  I) We have for 0>σ  and for 0≥r  and for 0>x  , 
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( ) ( ) dusuxxns s
ds
d
u
u
x
rss
n
ds
d
sds
dr
r
r
r
r
r
r )()log()1()(),(
1
)(
1
10
1
1)( −
∞
−
=
−−
−≤≤
− ∫∑ −−−++=− αψ
α
αψααζ
Thus )(),(
1
)(
)1(
)1()(
1
s
ds
d
u
us
ds
d
s
r sus r
r
r
r
r
r
−
∞
−−
−
− ∫−=− + αψααζ  . 
Thus duusrus ru
urs
s
r
sr
r
)log()log()log(),( 1
1
)(
)1(
)1()(
11 −−−−=−
−
∞
−−
−
− ∫ ++ αψαααζ
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Note that 2logu
ur  is monotonically decreasing for 2/reu >  . 
 On similar lines as uduru
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∞
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∞
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1
)( log2 αψ  .
However 1lim→s ( ) !)(),( 1)1( )1()( rs rsr rr ⋅=− +−− αγαζ  . 
Thus ( ) rrrrr eer r −≤−− 2log)1()(! α ααγ  . 
That is , ( ) rerrrrr er 2!1!log)1()( ≤−− αααγ  . 
II)          Next we deal with the case 0=s  .
From the expression 
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)log()log()log(),( 1
1
)(
)1(
)1()(
11 −−−−=−
−
∞
−−
−
− ∫ ++ αψαααζ  , 
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Thus duur u
ukog
e
e
rrrr r
r
r
)()1(1log)1(),0(
1
1
11
)( αψααζ −⋅



+−+−=−−
−
−
−
∫ ∫∞  .
 On similar lines as the case 1=s , 
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That is , ( ) !1!13!)1( log)( rrerrerrr r +≤− − ααβ  .
III)              We shall deal with the case ),,( sαλφ  at 1=s  for 10 << λ  . The  case 1=λ  
has already been dealt with . For 0>s  ,  10 << λ  and  for 1=x , 
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              Next , we observe following facts . 
a) u
urlog  is monotonically decreasing for reu >  and increasing on [ re,1 ] .
b) 2
1log
u
ur−  is monotonically decreasing for 21−>
r
eu  and increasing on [ 2
1
,1
−r
e ] . 
Similarly , 2logu
ur  is monotonically decreasing for 2reu >  and increasing on [ 2,1
r
e ] . 
          In all the above integrals , we apply second mean value theorem for integrals to the 
real and imaginary parts of each integral separately . While applying  mean value 
theorem to improper integrals , say  to ∫∞
c
for any finite c>0 , we note that  ∫∫∞
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=
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lim .
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Proof of Theorem 3 : a) We have for 0>σ  and for 0>X  arbitrary , 
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 for any primitive character )(modqχ  .  
              This completes the proof of Theorem 3 . 
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